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e A-ary Geometric Logic, i.e. arbitrary \V & (< A)-ary /\ (w/ distr. rule)

~~— Topoiy (E.g. Geometric = Ny-ary Geometric)

e Aim: Notion of Logos capturing all infinitary logics.
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Logic Fragment  Presentation | Classifying Object’

Geometric Site Topos
Infinitary ? ?
Theorem (Diaconescu for Topoi) J
[\
Topoi is (bi)reflective? in Morita small sites. MSite T  Topoi°P
~_
sh

%i.e. biadjunction w/ counit a component-wise equivalence

e Aim: Fill in the table.
e How: Diaconescu for sketches.

2j.e. the syntax independent presentation
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e Asketch 8 = (S, Lg, Cg) consists of a locally small cat. S w/

o aclassof (ess. small) cones Ls «~ [imitpart
o aclass of (ess. small) cocones Cg  «~ colimit part

e Asketch morphismF: 8 — TisafunctorF: S — T s.t.
\VI5€L5/C5 dm e L‘.T/C“T st.Fo=m

e Skt = 2-category of sketches (2-cells = nat. transf.)

Example
C cat. w/ finite products — (C, fin. prod. cones, ()) € Skt
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o First order doctrines

coh reg lex
% <= //\
skt

e Sanity Check: E A-ary topos+ (E, A-ary lim, all colim) € Skt

prod

sites «—— Topoi°P Topoi}” +—— ...
Skt
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functor sending each cone/cocone in § to lim/colim in C.

o M: 8§ —CeSkt  w/C=(C,alllim,all colim)3

e Idea: For M C Skt, F: 8 — Tis a M-Morita equivalence iff
VM e M — o F: Skt(8, M) ~ Skt(T, M).

E.g. M = test sketches <+~ having the same models

e Why is this useful? No spoilers!

3Notation: we call these test sketches.
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e L € Sktis left iff L cocomplete and C = all colim diagrams.

e § € skt, s —"r Psh(S

\g@

o S:=HL =Psh(S)[&;2] w/
H :={ps: colimYD = Ys | 5: D = As € Cg}

o 8§:= (@, L7, all colim diagrams) w/

L7, := min structure making Js a limit-sketch morphism
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e (C,J) site ~~=» Sh(C) = Classifying Topos of (C, J)

—

e Does (—) restrict to Sh(—) for sites?

. sh .
sites ——— Topoi°?

| = |
(=)
e Why is the 2-cell grey?
1. Underlying category is the same!

2. No topos can see the difference (i.e. same models in any topos).
~~— component-wise is a Topoi-Morita equivalence
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e Sand S have the same models (i.e. Jg is a Test-Morita equivalence)!
e Moreover, Jg: & — Sisa Left-Morita equivalence, i.e.

VL € LSkt — o Js: Skt(S, £) ~ Skt(8, £) = LSkt(S, £)

o Skt™ = sketches (Left) Morita equivalent to a small sketch.
Theorem (Di Liberti & L.) UL
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e § € Sktis (left) rounded if Jg sends cones in Lg to lim diagrams.

SL@

E.g. prod, lex,
Yl / reg, coh, Topoi

Psh(S)

Proposition
e Srounded < $Sisnormal (i.e. Ls Clim diag. &Cg C colim diag.)
e Srounded = 8 rounded

e Alogos Sisarounded & left sketch. E.g. Topoi, A-ary Topoi
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Theorem (Di Liberti & L.) U
[_\ .M
T Logoi
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rSktM «— sktM
n n

1
ul + |Cl-]
1

Eo(=)

\
\ \
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U

Theorem (Di Liberti & L.)
x>~

Logoi™ is (bi)reflective in rskt™. rSkt" T Logoi™
~
Cl[—]

o 7 7
/ I/ !
1
JU F |Sh = U| F |CI[-]
1

MSite —— rSkt™ «—— Skt

,’ —
R ()
\ \

N \ \
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Theorem (Di Liberti & L.) U
[\ M
T Logoi

Logoi™ is (bi)reflective in rSkt™. rSkt"
~_
Cl[—]

-ex —— MSite —— rSktM —— Skt"
A A A
! I/ I/

JIF |sh = ulFjer-1
by \ \
\ \ \

M 5 Topoi®® —— Logoi™ —— LSkt

ul + |Po

TS

o0o-Ex
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The End

Thanks for listening!
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